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ABSTRACT. We study the existence and uniqueness of solution to stochastic
porous media equations with divergence It6 noise in infinite dimensions. The
first result prove existence of a stochastic strong solution and it is essentially
based on the non-local character of the noise. The second result proves exis-
tence of at least one martingale solution for the critical case corresponding to
the Dirac distribution.

1. Introduction. We are concerned in the present work with the following sto-
chastic porous media equation

dX (t) — AU (X (1)) dt = kil div (X (8) exdBi (£), (0,T) x O,
X =0, ) 0.1 x00, I
X (0) =z, 0,

where O is a bounded open domain in R%, d < 3, with smooth boundary 9O and
the initial datum x is from H~! (O).

We assume that {ej},cy is the orthonormal basis in L? (O) of eigenfunctions of
the homogeneous Dirichlet Laplace operator —A. We denote by {A;}, the corre-
sponding eigenvalues

—Aey, = )\kek, k € N.
Through all the paper the sequence {ji},cy is assumed to be such that

oo

Z | |ga Af < Co < 00 (2)
k=1

where A\, are the eigenvalues of the Laplace operator with homogeneous Dirichlet
boundary conditions.
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The sequence {4}y is formed of mutually independent Brownian motions on
a filtered probability space (€2, F, (F),,P) such that

W)Y S esit), t=0
k=1

is a cylindrical Wiener process in L% (O).

The constants {yux },cy are assumed to be from R, i.e. pup = (g, pu3, ..., pit) and
the operator ¥ is maximal monotone. We recall that a function W is said to be
maximal monotone, i.e. (v; —vg) (u3 —ug) > 0 for all v; € U (u;), i = 1,2, and the
range R(I 4+ V) of I + ¥ is all R. A standard example is ¥ (r) = a|r|™ " r — br
where m > 1 and a > 0, b > 0.

Notations
We recall that Hi (O) and its dual H~! (O) are the standard Sobolev spaces on
O endowed with their usual inner products (-, ") Hi(o) and (+,-)_; and the corre-

sponding norms |'|H01(<9) and |-|_; respectively. L™ (O), m > 1, is the usual space
of m—integrable functions endowed with the usual norm ||, , and y41 () m+1 is a

duality product.

For two Hilbert spaces H; and Hy we denote by Lo (Hi, Hs) the Hilbert-Schmidt
operators from H; to H,. If we have a Hilbert space H and p,q € [0,00], we
shall denote by L{, ((0,T);LP (Q; H)) the space of all g—integrable processes u :
[0,T] — LP (Q; H) which are adapted to the filtration {F;},.,. We shall denote
the space of all H—valued adapted processes which are mean square continuous by
Cw ([0,T]; L (Q; H)) .

Through all the paper we shall denote by C a positive constant independent of
the approximations, that may change in the chains of estimates.

We can rewrite equation (1) as
{ dX (t)+ A (X (t))dt = B(X (t))dW (t), (0,T),
X (0) =,
where
A:DA)CcH ' (O)— H(0)
is defined by
{ A(u) =—-AY¥ (u), we DA
D(A)={ue H*(O)NL' (0): ¥ (u) € H} (0)}
and
B:L?(0) — Ly (L* (0); H ' (0))
is defined by
Bu) : L*(0)— H'(0)

(Bw),9) = > div(uu)(ex, 9)yer, Yu,p € L?(0).
k=1

o0

Note that, for dW (t) = 3" e;dB; (t) € L? (O) we have that
i=1

B(X (£)dW (t) = 3 div (X (1)) exdBy (1)
k=1
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Now we can easily check that B is well defined from L? (O) into the Hilbert-
Schmidt space Ly (L? (0); H=!(0)), i.e., for any u € L? (O) we have

o0

2 . 2 2
1B (W7, r2(0)m-1(0)) = Z |div (uxu) ex|”, < Cluly, (3)
k=1

where C' is a constant.
Indeed, since d < 3, by the Sobolev embedding, it follows that

‘ekloo <C ‘ek|H2(O) <C |Aek|2 < CAg
and we get by elementary computations that
wer|2, < C2AL el (4)
(see [8], [9]).
This leads to the fact that

[, Vg exl” (5)

NE

2
1B (WL, 2(0)m-10)) =

>
Il

1

C Y N [, Vi) gal”

<
k=1
We compute
(ks Vihgal_, = sup / u (€) (e V) g d
WEH&(O), |@|H(1](O)<1 o

< sup uly {1k, Vo) gals
pEH;(0), ez o)<t

< sup luly lklpe [0l g3 o)
LPEH[%(O), |50|H01(O)<1

< July el -

Going back to (5) we get via assumption (2) that

oo

2 2

CZ )‘i bk | |uls
k=1

Clul; .

IN

2
1B (W7, 12(0);0-1(0))

IN

and we obtain (3).

State of the art

We can easily see that the general existence theory mentioned below is not ap-
plicable in the present situation.

First of all, the result from [22] can not be applied in the present case since
the equation is not considered in a Gelfand triple and since we don’t have the
assumption Ay from [22]. Indeed, the operator B defined above is not Lipschitz
from H~' (O) into Ly (L* (0); H~* (0)).

Remark 1. If we denote by fr = ()\k)l/Q ek, Vk € N, then {f} is an orthonormal
basis in H~! (0) and we can use it in order to define a cylindrical Wiener process
in H=1(0). The operator B can then be considered from L? (O) to the Hilbert-
Schmidt space Ly (H~ (O); H~! (0)). In this case it would be sufficient to have



4 IOANA CIOTIR

the Lipschitz property from H~! (0) into Ly (H~*(O); H~! (0)), but this is not
verified in our case neither .

Recently, the stochastic porous media equation was studied with different as-
sumptions for the drift, with additive and multiplicative noise. See e.g. [4], [5], [6],
[8], 9], [12], [24].

More precisely, the general existence theory is concerned with a stochastic porous
media equation, with It6 multiplicative noise in infinite dimensions, as follows

dX (t) — AV (X (t)dt =0 (X (t))dW (t), (0,T)x O
=0, (0,T) x 00
(0) =z, O

where
oc:H ' (0)— Ly (L*(0); H ' (0))

is linear and Lipschitz continuous from H~* (O) into Ly (L? (O0); H~*(0)) and ¥
is a maximal monotone operator.

Recently in [7] the cases of o : H™'(O) — Ly (H™'(0); H~'(0)) and o :
L*(0) — Ly (L*(0);L*(0)) were also studied, but they are not covering the
present case.

A case of porous media equation with divergence-type noise is studied in a result
from [3], but only for finite dimensions and for a Stratonovich type noise. See also
[15], [19] and [25].

For different properties of the solutions of the porous media equation see [9], [13],
[16], [20], [21].

With respect to the situations considered above, in the present work we assume
an Itd6 multiplicative noise of divergence type, in infinite dimensions. To the best
of our knowledge, this case was never studied before. One can also easily see that
it is not covered by the previews situations since the noise is Ito-type in infinite
dimensions, but not Lipschitz from H~! (0) into Ly (L? (O); H~* (0)) or in the
cases covered by [7].

Organization of the paper

The present paper is organized as follows.

After an introduction we have a first section which is concerned with the study of
existence and uniqueness of a distributional solution for a stochastic porous media
equation with non-local divergence It noise of the form

AX (1) ~ AW (X (1) dt = 52 div (nef « X () exdBi (1), (0.T) x
s .

X =0, , )xa(’)
X (0) =, O,

where f in an L! (O) function.

This case can be seen as an intermediary step in the study of equation (1). In
fact the function f can be seen as a regular distribution and if we take the Dirac
distribution instead of f we have the singular equation (1).

The second section is concerned with the study equation (1). More precisely we
shall prove the existence of at least one martingale solution of this equation.
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2. The case with non-local noise. We are concerned in this section with the
following stochastic porous media equation

dX () — AW (X (1) dt = kil div (i f + X () exdBe (£), (0,T) x
X =0, ) (0, )xao ©)
X (0) ==z, 0,

where function f is assumed to be from L' (0) and x € H~! (0).

We shall assume in this section that, in addition to (2), the following hypotheses
are satisfied.

Hypotheses

i) The operator ¥ : R — R is a continuous, differentiable monotonically increas-
ing function on R, which satisfies the following conditions

¥ (0) =0,
qﬂ( )< Cy |r|m‘1 +Cy, VreR,
= [oW(s)ds > O [r[™ + Cyr?, Vr€R,

where C; > 0, Vi € {1,2,3,4} and m > 1. The constant C4 is assumed to be
sufficiently large.
1i) The operator ¥ : R — R is strongly monotone, i.e.

(T (r)—W(s))(r—s)>Cs(r—s)?, VrseR,
where the constant Cs > 0 is also assumed to be sufficiently large.

Remark 2. The assumption that Cy and C5 are supposed to be sufficiently large
is necessary from the technical point of view to compensate the noise. The same
result can be obtained if we replace this condition by Cj sufficiently small.

As in the introduction, we can rewrite equation (6) as

{ dX (1) + A(X (8))dt = Bp (X (8))dW (¢), (0,T),
X (0) =,

where the operator A is defined as previously and
By : L?(0) — Ly (L*(0); H 1 (0))
is defined by

By (u) : L*(0)— H '(0)
(By (u),¢) = Zdiv (e f *w) (en, )y ex,  Vu, € L* (O).
k=1

As in the general case, we have that

By (X (1)) dW (t) = Y div (jf * X (¢)) exdBy. (1)

and we can easily check that By is well defined from L? (O) into the Hilbert-Schmidt
space Ly (L? (0); H™ (0)), i.e., for any u € L? (O) we have

1By (u)|‘i2(L2(o);H—1(o)) = Z |div (puge f * w) 6k|2—1 <C |U|§ (7)
k=1
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Indeed, since

oo
|By (u)||2L2(L2(O);H*1((’))) = Z (e, V (f  u))ga €k|2,1 (8)
k=1
< Z)\kll’“w f*u)>IRd| 19
we can compute
.V (f *0)gal = sup [ (50 (©) e, Ve e
pEH(0), ‘LP‘H(IJ(O)<1 b
< sup |f o uly [k, V)paly
wEH%((’)), ‘W‘Hé(o)<1
< sup |f o uly | |ga “p|H§((’))

chHé(O), “P‘H(l)(o)<l
< fxuly |plga -
Keeping in mind that f € L' (O) and going back to (8) we get that

1By (u)||iQ(L2(O);H71(O)) < CZ)\ |ﬂk|Rd f*u|2
< C|f|L1(O) |U|2
< Clul3,

and we obtained (7) where C'is a constant dependent of |f|;. ¢ -

We can easily see that the general existence theory mentioned before is not
applicable in the present case neither. Indeed the operator By defined above is not
Lipschitz from H~! (O) into Ly (L? (0); H~! (0)) and the result from [22] can not
be applied in the present case, also since the equation is not considered in a Gelfand
triple.

We shall prove now existence and uniqueness of the solution for equation (6) in
the following sense.

Definition 2.1. Let z € H~1(O). A stochastic process X which is H~1(O) —
valued continuous and F;—adapted is called a solution to equation (1) if

X e L™ (Qx (0,T) x O)

for m as in assumption ¢) and such that

el = ) // ) ¢;déds
-l—;/o (div (i f * X () er, ;) _, dBk (s),

for all j € N, where {e; }j is the orthonormal basis considered above, and for all
tel0,71].

This type of solution is inspired from [18] and [22] and was already used several
times in the study of the stochastic porous media equations. See [8], [9], [14].
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Note that this solution is a strong one from the stochastic point of view and a
weak one from the point of view of partial differential equations.
We can now formulate the main result of this section.

Theorem 2.2. Assume that (2) and that Hypotheses 1 hold. Then, for each x €
H='(O) there is a unique solution

X e L™ (Qx (0,T) x O)NCw ([0,T]; L* (Q; H~1 (0)))
to equation (1) in the sense of Definition 2.1.
Proof. Existence of the solution
The main idea which shall be used in this proof is the approximation of the

operator B by using a mollifier, as follows.
We shall first consider a density p € C§° (R?) such that

[ p@d=1 p@=p(=). p@>0 Veek?,

and
supp p C {z ; ||| < 1}.
Then, we define the function p. (z) = Edp( ),& > 0, satisfying p. € C§° (R?) ,

supp pe C {@ [[[2]lga < €}, pe (2) = pe (—2), pe (x) 2 0, V2 € RY, 4 pe (z)dv = 1.
Recall that such a sequence {p.},. is called a mollifier.

We can now define
v fly), yeo
and

fe(z) = (f*pa /f Y pe (x —y)dy, Yz eR

It is well known, by classical theory, that f. converges strongly in L' (Rd) to f
for ¢ — 0 and therefore

el ey SC(”an) = (1+1/ln) 9)
We shall approximate the operator B as follows:

B; H—l(O)—>L2(L2(O);H—1(O))

Bf Zdlv (pe fo * u) (ex, -)s €k, Yuec H1(0).
k=1

We can now check that the approximating equation
dX*(t) — AW (X© () dt = B} (X* (t))dW (t), (0,T) x
Xe(t)=0, (0,T) x 8(9 (10)
X (0) ==, o
has a unique solution

X e L™ (Qx(0,T) x O)nCw ([0,T]; L (% H ' (0)))

in the sense of the definition above.
Since the drift satisfies already the necessary conditions, it is sufficient to check
that B is Lipschitz from H='(0) into Ly (L? (0); H~' (0)), for each & > 0 fixed.
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Indeed, we have that Bj is linear and also that

15 2 3 6 ?
k=1
- Z\(uk,v(fa*u)>Rd ek|2—1
k=1
< CZA%\(uk,V(fs*U»Rdﬁ_r
k=1

We compute

(s V (fe * w))gal 4 (12)

/o .V (fo ) (€)) e 0 6) df‘

= sup
PEH(0), 19l 1 (0)<1

= sup
‘PGH(%(O% “P‘H[l)(@)<l

/O (fo #0) (€) (p Vo (€))ge ds‘

< fex u|2 ‘:ukh]{d .

Moreover we have that

9 1/2
foxul, = ( /fsw— (v) dy dsv) (13)

( JRIACERIHT dx)m
Jul_ 1(//|V S (@ - ) dyd:c)l/2

< Ol

IN

IN

By replacing (13) in (12) and the result in (11) we get that

2 . 2 2
HBJec (u)HLz(L2(O);H—1(O)) < g)szi‘uk‘Rd ‘ul—l
=1
< CEly,

by using the assumption (2). Note that the constant C' (¢) depends on & and changes
form line to line. We can apply Theorem 2.2 from [8] or the more recent existence
result from Chapter 3 of [7], for each ¢ fixed.

We shall now pass to the limit in

(Xe(t),e5) , = (x,e5)_ // U (X7 (s))e;jdéds (14)
By / (div (e e * X° () exre5)_y dBe (s), V) €N,
k=1"0

for e — 0.
By using an idea similar to the one from Proposition 3.2.1 from [7] we can prove
a Ito-type formula for the squared H~!(O) norm of a solution of equation (10).
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More precisely, for any j € N we note first that (X¢ (¢),e;)_, is an Itd’s process

and that

1

d(XE(t)vej)f1 = Tmt1 (\P(Xa(t))76j)m+1dt

M2

+ (div(ﬂkfe*XE (t))ek7ej)_1 dpBy (t)

ol
Il

1

Then, by applying Itd’s formula as detailed in Proposition 3.2.1 from [7] and by
taking the expectation, we get directly that

BIXC 0P, = fol? —28 [ (90X (). X7 (@)l (19)

m

t
2
48 [ 1185 (0 (D, o o
From assumption (2) we have that
U(r)r>j(r) > Cslr|"™ +Cor®, VreR,

which is used in the previous relation as follows

1E|Xf(t)\31+21a/0/O(03|X6(s)\’"+1+c4\X€(s)|2)dgds (16)

t
2 2
< I:v|_1+]E/0 185 (X2 (DL, 120yt -1(0) @5

We study the last term of (16) and we get by using (4) and the assumption (2)
that

t t oo
€ € 2 € 2
E/O HBf (X (8))HL2(L2(O);H—1(O)) ds = E/O Z|<Mk7v(fe * X ()))ga erl”y

k=1
t oo
<GB [ SO0 hl2a IV (2 X 0D
k=1
v )
< CgCoE/ |fE|L1(o) | X< (s)]3ds
0
2 ! 2
< C'gco|fe|L1(o)]E/ | X (s)|zds
0

t
< CEC,C (1 + |f|il(o)) E/ | X2 (s)l3 ds
0
t
< CIE/ X (52 ds,
0

where C is a constant independent of & by (9).
By going back to (16) we obtain that

E|X® (1), +2E /Ot /O (Calx® ()™ 4 (€~ €) |X* (9)?) deds < Jaf?

where C} is assumed to be sufficiently large and in our case this means Cy — C > 0.
Consequently, we can easily see that, via the hypothesis (2), we have

E/Ot/o|m<xs<s>>

m41
w déds < C.
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‘We obtain then the existence of

X e [t (Q % (O,T) . O) N L>® (O,T§ L2 (Q;Hfl (O)))

such that
X¢ — X, weaklyin L™ (Q x (0,T) x O)
and weak® in L™ (O,T; L? (Q; H1 ((9)))
and
ne L (Qx(0,T) x 0)
such that

U (X€) — 5 weakly in L™ (Q x (0,T) x O).
We shall now study the strong convergence of the approximating solution. To this
purpose we shall argue as in (15) for the difference of two approximating solutions
X¢ and X* for € > 0 and A > 0. We get that

E|X° (1) - X (1), (17)
t
+2E/ w1 (U (X (s) — U (X*(s)), X5 (s) — X* (5)) yr 48
0o M
t
_ Ay A 2
_ E/O 185 (X (5)) — B} (X )12, (o1 0 &5
Since the operator V¥ is strongly maximal monotone, we get that
2
men (U (XF) =0 (XP), X7 = XP) > C5]X° - X, (18)

Now, we only have to study the term from the right-hand side. By using the
properties of the operator By we get that

IE/O B (X° (s)) — B} (X* (8))H1(L2<0);H—1<0)) ds (19)
< CE/O |(fs*X5)(s)—(f,\*X’\)(S)EdS
< C’E/O ‘(fa*Xs)(s)—(fE*XA)(s)Eds
+CE/ |(f€*X)‘) (s)f(fA*X)‘) (s)‘zds
0
< 61@/0 o2 X5 (5) = X2 (s)[2 ds

t
2
+CE/ |fe — f/\|il(0) |X/\ (5)|2 ds,
0

where the constants C' and C' are independents of ¢.

We shall replace now (18) and (19) in (17) and, since the constant Cj5 is also
assumed to be sufficiently large, we get that
|2

E|X®(t) - X*(t)|_,
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t
— 2
+ (205 -C (1 + \f|il(o))) IE/ X2 (5) — X (5)| ds (20)
0

t
2
S C'fa_f)\|il(O)E/0\ |X>\(5)|2d8,

where 2C5 — C (1 + |f\il(o)) is a positive constant independent of € and .

Finally, since {f.}, is strongly converging to f in L' (O) and E fg ’X)‘ (s)@ ds is
bounded uniformly in A\, we get that

X¢ — X, strongly in L?(Q x (0,T) x O)
and strongly in C ([0,7]; L* (% H™" (0))) .

In order to pass to the limit in (14) we still have to study what happens in the
last term of this relation.
More precisely, keeping in mind that

oot
- [ v ues X () ense)_y i (5)
k=170

is well defined, we can first see that

Z/O ((@iv (i + X5 () enyes) = (div (uf + X (5)) enses) ) dBi (s)
k=1

= 3 [ VX = X ens ) ().
k=170
Since
> / (e div (e * X (5)) ex) _, dBy (s) = / (e, B (X (s)) dW (s))_,

we get, by using the It6 isometry for stochastic integrals with cylindrical Wiener
processes, that

E </Ot (e, B7 (X (5)) = By (X () dW (8))_1)2 (21)

= ;iE (/;((uk,V(fs * X — f*X)er)ga,ej)_, APy (s))

See e.g. [17], Proposition 2.3.5 from [23] or Remark 6.3.2 from [7].
On the other hand we compute
2

E </Ot (e, V (fe % X7 = 5 X))ga e, €;)_, dBr (5)>

- E/ (e ¥ (fo % X7 — 5 X))t 0 )2, ds
0

IN

t
E/ JENAZ IV (fo % X5 — f o X)[gul?, ds
0

IA

t
E/ FENINZ|(fo X° — f 5 X)2ds
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IN

WVAQE/ (\(f *XE—f*X5)|2+|(f*XE—f*X)|2) ds
k7\kN 0 € 2 2

IN

t t
2NN (Ife = Tl B [ 1X°Bds +111 o) B [ 1X7 = X(3as).

Going back to (21) and replacing the computation above, we get that
t 2
E(/O (e, BF (X° (s)) — By (X(S))dW(S))1>
oo
22“ /\2/\2< / |Xs|2ds+|f|L1(O)IE/ | X°© — X|2ds>

k=1

C(|fs —f|il(0) +E/o XE—X@dS)

which goes to zero for € — 0.
We finally obtain that, on a subsequence, we have that

IN

IN

limZ/O (div (g fo * X° (5)) ex,e;)_, dBx (5)

e—0
k_

0ot
Z/ (div (. f * X (5)) e, ej)_, B (5) .
— /0
We can now pass to the limit in (14) and get that
(X (t),e5)y = (x,€5)_ / / s)e;déds (22)

5 / (div (s * X (5)) exre;)_y dBy (5), Vi €N,
k=170

In order to finish the proof we only need to show that n = ¥ (X) ae. on
Q x (0,T) x O. Since the operator X —— ¥ (X) is maximal monotone in the

duality pair L™+ (Q x (0,T) x O) et L™ (2 x (0,T) x O) it is sufficient to show

that
hmlanE/ / U (X®(s)) X® (s)deds < E/ / s) déds. (23)

To prove (23) we shall use the same argument as in
We first note that

ElX°(1)2, = |93|2_1—2E/ mer (W(X5 (5)), X7 ()41 s
0

t
2
+E [ 187 (5 ) 12010 B

Computing as in (19) in the last term of the previous relation and using that
X¢ — X strongly in C ([0,T]; L* (€ H' (0))) we get that

hmlnﬂE// U (X® (s)) X° (s)d&ds + ]E|X()\ (24)

2 2
< Gl +3E / 1By (X (DI, 1o omerr (0 45
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On the other hand, via It6’s formula applied to (22) and summation over j, we
obtain that

‘/‘J/ $)deds + LE|X (1), (25)

2 2
< ;ﬂ4+§E/anX@»mwﬂ@ﬂqw»w.

Combining (24) and (25) we get (23) and this completes the proof of the existence
part.

Uniqueness of the solution

Concerning the uniqueness of the solution, it is sufficient to take two solutions
X® and X®@ with the same starting point, and, by repeating the argument above,
we obtain

E ‘X(” (t) - X® (1)
+2F /Ot wir (0 (X0 () =0 (XP (), XD (5) - X@ (8)>m+1 *
= 5 [ B (x0 ) - By (x2 )]

< CE Ot *(X(l)(s)—X(Q)(s))Eds.

2
| (26)

-1

2

Ly(L?(0);H=1(0))

Since ¥ is strongly monotone and the constant Cy is assumed to be sufficiently
large, we obtain that X = X(2) and the proof is complete. O

3. The critical case. In this section we shall prove existence of at least one mar-
tingale solution for equation (1).
Hypothesis

i) The operator ¥ : R — R is a C'!, monotonically increasing function on R,
which satisfies the following conditions

U (0) =0,
\I’/( )<Cl|1"‘ - +027 VT‘GR
Co |r[™ 4 Cor? > j(r) = [T W (s)ds > Ca [r|™ ™ + Cyr2, Vr €R,

where C; > 0, Vi € {1,2,3,4,6, 7} and m > 1. The constant Cy is assumed
to be sufficiently large.
1) The operator ¥ : R — R is strongly monotone, i.e.

(W (r) =W (s))(r—s)>Cs(r—s)°, VrsecR,
where the constant C5 > 0 is also assumed to be sufficiently large.

Remark 3. The case m = 1 corresponding to a Lipschitz operator ¥ can be
obtained by a natural adaptation of the same computations. More precisely the
condition m > 1 is essential in the application of the Egorov theorem, for the

bound of {)?5} in Lmt! (ﬁ x (0,T) x (9) . The same bound can be obtained by
€

applying the It6 formula with the Lyapunov function ¢ (r) = |r|z for p > 2. (see
e.g. Lemme 3.1 from [9]).
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Definition 3.1. Let z € H~!(0). We call weak martingale solution to equation

(1) a tuple (ﬁ,]?, (f]-ft) ,IF’,W,)?) where <S~),]?, (?—i) ,f") is a filtrated
>0 >0

probability space where there are defined a (ﬁ) — Wiener process W and a
t>0

continuous (3’};) — adapted, H ™! (O) — valued process X such that
>0

~ t ~
<X (t) ,e]) = (x,e5) 4 —/ / v (X (3)) ejdéds
-1 0 JO
+ Z/ (div (MkX (8)) ek, ej> B (s)
i1 /o —1
for all j € N, where {e;}; is the orthonormal basis considered above, and for all

tel0,1].

The martingale solution is a weak solution from the PDE and also from the
stochastic point of view. For more details see [17] and see [11] for a similar approach.
The main result of this section is the following.

Theorem 3.2. Under the assumptions (2) and Hypotheses, for each x € L™t}
(O), there is at least one martingale solution (ﬁ,j’}, (?t) ,]IT’,,V[V/,)N(> to equa-
>0

tion (1). Moreover, we have that
XelL? (ﬁ,LOC (0,7;H* (0))) nLmt (ﬁ x (0,T) x 0) :

Proof. In order to approximate the equation with a mollifier as in the previous case,
we shall first rewrite the operator B as

B(u) = Y div(uu) (er. ), ex
k=1

- Z div (prd * u) (ex, ) €k

k=1

where § is the Dirac function and keeping in mind that § * u = w.
By taking a mollifier sequence {d.}_ which is defined as in the previous section,
we can approximate the operator B as follows

B. : H ' (0)— Ly (L*(0); H ' (0))
Ba (u) = Zdlv (Uk(sa * u) (eka ')2 €L, u € Hil (O)
k=1
where
bexu : O—R

(6. v u) (6) = /Ou(x)ég(f—x)dx.
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We can easily check now that the approximating equation
dXe(t) — AP (X (t)dt = B. (X© (¢))dW (), (0,T)x O
Xe(t) =0, (0,T) x 00 (27)
Xc(0) ==, @)
has a unique solution X¢.

Indeed, by arguing as in the previous section we have that B, is Lipschitz from
H~'(0) into Ly (L* (0); H~* (0)) for each ¢ fixed, i.e.

|B (w) enl2,

[M]8

2
1Be (WI7y(2(0):m-10)) =

=
Il

1

(bt V (82 % u) g ek,

NE

>
Il

1

o
2 2
CZ hY: |1k |Ra [0 * uly

k=
< C )y,

IN

and then we have a solution which satisfies P — a.s.
(X (0)e)), = (e5)_ / / W (X* (s)) e;déds

+/O ((B- (X7 (5)))€5)_y W (s),

V5 € N and Vt € [0, T].
Note that by using Remark 3.1.4 from [7], the previous relation can be equiva-
lently written as

Xe(t):x+A/0t\1/(Xe(s))ds+/0tB€(X6(s))dW(s), tel0,T).

By It0’s formula we obtain P — a.s. that

0P+ [ [ )X () dsas
@]

1 t
= gl 1B X 6D srona-scon s + M
where .
M= [ (X (), B (X () W ().
0

is a continuous local martingale such that

_2/y * X% (s)|2ds, t>0,

and (B. (X. (s)))" is the adjoint of
B. (X.(s)): L*(O) - H™' (0).
We can first easily check that

/ ||B )(E ||L2 L2 1(0)) dS < C/ |X |2 dS
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where C is independent of €.
Indeed, by arguing as in the first part of this work, we have that

IN

1B (X° (5D 7, r20psm-r0y < C8 DA linclga 162 % X (s)]5

IN

CgCO |5a|2Ll(0) | X* (S)@,
and since [, 0c (y) dy = 1 we get that
| Be (X* (5))||2Lg(L2(O);H*1((9)) <C|x* (5)‘3 )

where the constant C' is independent of ¢.
By the Burkholder-Davis-Gundy inequality, we get for all r € [0, T] that

SEsup (X0, +E [ [ (Calx(s)" o+ CulX* (5)?) deds (25)
telo,r] 0 5

1 . r
< f|at|21+CE/ /|st|2dgds

1/2
+C1E(/\ " Xe( )yzds> ,

where C is also independent of €.
Keeping in mind that B, (X.) is a Hilbert-Schmidt operator and therefore

1B= (X< ()70 (22 (01 (0 = ||(Be (X° (s ||L2 ~1(0);L2(0)) *

we can compute

7 (o >|§ds)”2

1/2

< CE HBs (X* (5))||2Lg(L2(O);H—1((9)) X< (s)%, ds

0

— | 1/2

< CE s%p]lXE (/ 1B (X (5D 17, (22(0) 1(0))‘“) 1

se|0,r

r 1/2
< CE| sup |X°(s)|_, /6/\X€(s)|2dgds

s€(0,r] 0

O

1
< -E|sup [X°(s)%,
4 s€[0,r]

+CCE/OT/|X5 (s)|? deds.
O

By replacing the previous relation in(28) we get that

4E sup |X° (¢ )| 1
tel0,r]

+E /00/ (03 X2 (s)]™ ! 4 (04 —C- ET*) 1X® (s)ﬁ) deds

1, 9
< §|x|717
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and, since Cy is assumed to be large enough, this leads to

E sup |X° (),
te[0,r]

+]E/OTO/C’3 | x°© (S)|m+1d§dS+E/oTO/|X€ (s)|? déds

2
< C |1‘|_1 )

for € > 0, where C' is a positive constant independent of €.
Then, on a subsequence again denoted in the same way, we have the existence of

such that for e — 0

X¢ — X, weaklyin L™ (Q x (0,T) x O)
and weak® in L? (Q;C ([0, 17 cH1 (0)))
and
ne L (Qx(0,T)x O)
such that
U (X*) — n weakly in L (Qx(0,T) x O).
Since the weak convergences above are not sufficient to conclude the proof, we
shall replace {X¢} by a sequence {)? 5} of processes defined in a probability space
(ﬁ, ]T', ]I~”, W) such that X¢ and X have the same law.

To this purpose we consider the sequence of probability measures {v. }_, where v,
is the law of X¢, and we prove that {v.}_ is tight in the space C ([O, T);H! ((’))) i
We recall that this means that, for each § > 0 there is a compact subset B of
C ([0,T]; H* (0)) such that v, (B°) < ¢ for all € > 0.

We define for each r > 0 and v > 0, the set

By = {y eC([0,T];H1(0)): t:{‘él}] @Iy <75 1Yl oo r.2200y) ST

and ly (1) =y ()] 4 <7l =%, vi,5 € 0,71}
Since the set is uniformly bounded and satisfies a Holder condition of order 1/2
with a fixed constant vy, we have by Arzela-Ascoli theorem that B, ., is compact in

C ([O,T] s H! (O)) .
We can apply the It6 formula to equation (27) with the Lyapunov function

o) = [ lu©F . vuer?©).
In fact we apply the It6 formula with

oo (w) = ¢ (T —va) " u) " o (), (w)
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where J, = (Id — I/A)_l is the resolvent of the Laplace operator, and we get that

E|J,X¢ (s)|§+1E/S/ J, X% (0) J,A (X5 (0)) dedd

1
< |Jl,x|§+§E/ Z\JB (X< (0)) ex |5 db.

Keeping in mind that the resolvent of the Laplace operator is strongly convergent
in L2 (2 x (0,T) x O) (see e.g. [2]) we can pass to the limit for v — 0 as in [4], [9],

[13] or [14].
We obtain

E|X* (s)|§+E/OS/O|VX€ (0)]> W' (X* () dedo

1 [
< e+ g [ SNl [ 1VXC O deas,
k=1

and then, by using the strong monotonicity property of ¥, we get that

E|X° ()2 + (05 _ ) / / VX (0)[2 dedo < C.
From the previous relation we get also that
E/ / VX (0)[2 W (X° (0)) dédo < C.
0o Jo
We shall apply It6’s formula to (27) with the Lyapunov function
Joi (w(©)de, we Ll (u), j(u) € L (u)
v (u 00, zf not

and we get

E/] X°) df—i—]E/ / |V XE)\ dede
o
< E/g d§+CIE//\VXE 0)]> W' (X° () dedo < C

o

and then
IE/ Jj(X®)d¢ < C.
o
Finally, by applying again the Itd formula to the process
t— [X5 () — X5 (s),

we get that

FEI O =X P +E [ [ w00 0) (0 0) - X (3) dep

< GE/:/OW (0)]? dedo.

Since

E / /O U (X° (0)) (X (0) — X° (s)) ded

> ]E/St/oj(XE(9))d§d9—E/st/oj(Xs(s))dfde

(29)
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> o [ [ pxeeraa ey [ o)

We get by (29) that
%Ep{s (t) = X (s)”, + 04 - / / X< (6)]" dgdb
s(%wELJWWw%SC@—w

We obtain that
E|X® (t) — X (s)]*, <2C (t —s).
Finally, by using the Tchebychev inequality
1
PIXe|_y =] < -E|X°|_,
T

we can conclude that for each § there exist v and r, independent of € such that

1
Ve (B;fﬁ) =P (XE IS Bfﬁ) < -E sup |X*® (t)|2_1 < 6,
T tefo,T1]
and therefore {v.} . is tight.
Then, by the Skorohod theorem, we have a probability space (ﬁ,f , I?D) and the

stochastic process X and ()?5) n ((NLJT", I@) such that the law of X¢ is the

e>0
same as the law of X¢ and

Xe — X inC([0,T];H(0), P-as. (30)

as € —> 0. We have also that the law of X is the same as the law of X.
Since

o ~|2
/ ‘XE—X‘ ds >0, P—as.
0 —1
we can use the Egorov theorem to get that
t
)
0
Indeed, we have for V 6 > 0 a subset Az of Q) such that P (Q\A[;) < d and
t
/

We see by using the Holder inequality and since m > 1 that

~ ~12
XE—X’ (ds—0.

- 2
X — X‘ ds — 0, uniformly on As.
—1

~ 12
—X‘_ldsdP

O\ As
m+41 m-+41

t, 2 2 m+1
/ ( / Xe— X‘ ds) AP / 1dP
Q\Ag 0 -1 ﬁ\A(;

1 T me1 m—1
’Xs X‘m+ 5§ < o
m—+1 -

IN

IA
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On the other hand, since we have the uniform convergence on As, we get that
for each § there is € > 0 such that

L.

X — X strongly in L? (S~);L2 ([0, 77 TH! (O))) .

~ ~ 12
XE—X‘ 1ds)d]P’§5.

We conclude that

Since the law of X¢ is the same as the law of X¢ and keeping in mind that
t ~
E / / v (%)
o Jo

v ()?E) . (5() weakly in L2 (?z; L2 ([0,T); H} (0))) .

2
déds < C

we obtain that

We shall show now that, for each ¢ fixed, the process

t

ML (1) = X (1) — o — A/ W (X2 (9))ds. (0.7,
0

is a square integrable martingale with respect to

fs(t):a{)?a(s), sgt}, 0,17,

the filtration generated by {)N( € (t)} 01 and that the quadratic variation of M.
tefo,T

(32),= [ - (5°09) (3. (%)

where (BE ()?5 (s))) is the adjoint of B, ()?5 (s))
All this is true for the process

is

Ms(t):XE(t)—x—A/o U (X° (s)) ds

because

M. (1) = /Ot B. (X° (s))dW,, te0,T].

Since X¢ and X°¢ have the same law, we have the previous properties also

— — 2 —
for M.. More precisely we get first that E (‘ME (t)‘ 1) < oo. Then M, is a

g {)?E (s)[0<s < t} , t € [0,T] martingale, since

E([M. (0) - M- ()] (X2 () ) =0, (31)

for 0 < s <t < T and for all ¢ who is a real valued, bounded and continuous
functions on C ([0, T]; H~' (0)).
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‘We have also that

E (Kz\? (t).a) (M.(1).b) (32)

for all a,b € H=*(0O), and therefore we have the quadratic variation of M.. (For
more details see the similar proof from [17], page 232.)

We shall now check that we can take the limit as ¢ — 0 in the previous relations
and then we will get that the process

M(t):)?(t)—x—A/t@()?(s))ds, telo,1],
0

is a H~! (O) valued martingale with respect to the filtration

f(t):a{)?(s), sgt}, teo,1],

having the quadratic variation

(i1),= [ B(x6) (B(X)) as

To this purpose, by the same argument as in [17], page 232, we see that

sus ([F2 0], ) =supe (. 012,)

and therefore the sequence {ME} is uniformly integrable
€

2 2

‘ ‘ <oo, te€][0,T].

e—0 -1

lim E (\M (t) > —E ‘M(t)

Consequently M is a square integrable process.
Following again the idea from [17] we shall continue by defining the martingales
N.(t) = A'M.(t)

= ATIXT(t) Al /t v (5( (s)> ds, tel0,T].
0

By the same argument as above, ]\75 is a square integrable continuous martingale
on (Q,}' , IP’) with the quadratic variation

()= [ [a7t ()] [57 (5 ()] s
To this purpose, it is sufficient now to pass to the limit in
E([N.()-N.(9)] e (X)) =0, 0=s<i<T, (33)

and in
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[ ) (a7 () i) ] o (7))

We shall now pass to the limit in

B[ (a7m (X20) (a7 (°09)) o) as)
= e[ (2B (X 0)) a (678 (X70) ), a5)

To this purpose we compute

E/;<<< B (%)) o (475 () 0
(a8 (X)) (2B (% >> ),)
s [ ({(am (x s>>a< (e (R 0) - B (X)) ),
{07 (o () - B (F)) (a5 (R0)) ), )0
2 [ (jas (5 <s>>\L R

a7 (B (%20) - B (X >>| ooy 1)

+2 [ (]a7 8 (X0)], s

27 (B (X6) = B (X)), oo 1)

< C (IE/O AT (Be ()?E (5)> -B (f( (S)))‘iz(Lz(O);H’l(o)) ds)

It is then sufficient to pass to the limit in

IN

IA

1/2

t ~ ~
IE/O A1 (Bg (XE (s)) B (X (8)»‘;@2(@);11—1(0)) ds. (35)
We shall first see that
t ~ ~
/ ‘Ail X)) - B (X (s)>) EQ(Lz(O);Hﬂ(O)) ds

= / Z’A ka (5 * X (s) — )?(s)>>Rdek’i ds

0 1
< / Z““thd PV 5. % X°© (s)—)?(s)rlds

0 k=1 -

IN

C]E/Ot<

N O +Ty).

5% X (s) — X° (s)‘: n ’X’ (s) - X (s)\21> ds
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We can easily pass to the limit in 75 by (30) and get that
t
T :E/ ‘Xe(s) ~ X (s)
0

On the other hand, for 77 we have that

‘ 2

ds — 0 for e — 0.
1

2

t
T, = ]E/ sup / (55*X5(5)*X€(5)) @df‘ ds
0 pEH(0), ||99HH(1)(@)§1 o
2
t ~
g w [ X0 e | as
0 \pem(©), el o<1 1/0
2
t -
< ]E/ sup Xe (S)‘ ‘55*80*80‘1{3(0) ds
0\ weHL(O), el (o)< -
2
t 2
< IE/ Xe (s)‘ ds sup |0 * ¢ — ¢l 10
0 1\ eeH3(0), 9y o) <1 ’

Since
V(6. x¢)=06.«Vyo — Vpfore —0
~ 2
X< (s)
e — 0. We can now pass to the limit in (35).
After passing to the limit in (33) and (34) we get that the process

and keeping in mind that E fot

ds is bounded, we have that T3 — 0 for
1

t
N (1) =A1X (1) —A‘lm—/ W (X (s))ds, te(0.7],
0
is a square integrable martingale with respect to
F(t) :a{f((s), sgt}, telo,1],

for which

(0),= [ [aB(xe)] [a (B (X)) e e,

By the representation theorem (see e.g. [17] Theorem 8.2) we have the existence

of a probability space (SNZ,]? , ﬁ) , a filtration {f } a Wiener process W and a

predictable continuous process X such that

~ t ~ t ~ —
X (1) =x+A/ v (X(s)) d3+/ B (X(s)) aw (s), telo,T].
0 0
The proof of the existence of at least one martingale solution is now complete. [
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